
D E T E R M I N A T I O N  OF T H E  L O C A L  A N G U L A R  R A D I A T I O N  

C O E F F I C I E N T S  IN C E R T A I N  T W O - B O D Y  S Y S T E M S  

V. [. S o k u r e n k o ,  V.  K.  S h c h e r b a k o v ,  UDC 536.3 
a n d  Yu .  P .  S h c h e r b a k o v  

A method is shown and fo rmu la s  a r e  de r ived  by which loca l  angular  rad ia t ion  coeff ic ients  can 
be d e t e r m i n e d  in c e r t a i n  two-body s y s t e m s  where  the conf igurat ion is a r b i t r a r y  but one of the 
bodies  is e i t he r  a c y l i n d e r  o r  a r e c t a n g u l a r  p la te .  

F o r  a study and a n u m e r i c a l  ca lcu la t ion  of local  energy  c h a r a c t e r i s t i c s  in the case  of r ad ia t ive  heat  
t r a n s f e r ,  one must  know the local  angular  r ad ia t ion  coef f ic ien ts  in the s y s t e m .  F o r m u l a s ,  g raphs ,  and 
n o m o g r a m s  for  finding the va lues  of these coeff ic ients  a r e  only ava i l ab le  for a few combinat ions  of body 

(surface) p a i r s  [1, 2]. 

In this  a r t i c l e  the authors  outline a method of de t e rmin ing  the local  angular  rad ia t ion  coeff ic ients  
which is app l icab le  to a two-body rad ia t ion  s y s t e m  where  one of the bodies  is e i ther  a cy l inder  or  a f lat  

r e c t a n g u l a r  plate .  

Calcu la t ions  show that the angular  coef f ic ients  for  a cy l inde r  or  a plate  r ad ia t ing  to other  su r faces  
r e m a i n  a lmos t  the same  over  a wide range  of cy l inde r  d i a m e t e r s  or  p la te  widths.  On the other  hand, the 
angular  coef f ic ien ts  for  a cy l inde r  or  a p la te  i r r a d i a t e d  f rom another  sou rce  a re  p ropor t iona l  to the i r  r e -  
spec t ive  t r a n s v e r s e  d imens ion .  In view of this,  it is  pos s ib l e  to cons ide r  now a cy l inder  or  a p la te  with 
an in f in i t e s ima l ly  sma l l  t r a n s v e r s e  d imension ,  i . e . ,  to t r e a t  each as a " rad ia t ing  l ine"  [3]. 

On the b a s i s  of ce r t a in  concepts  concern ing  a rad ia t ion  field [4], the local  angular  coeff ic ient  q~21 of 
r ad ia t ion  f rom an a r b i t r a r y  e l e m e n t a r y  su r face  2 (Fig. 1) located in the rad ia t ion  field of body 1 to that 
body 1 wi l l  be defined as the s c a l a r  p roduc t  between the unit r ad ia t ion  vec to r  ~ and the unit n o r m a l  vec to r  

n ~ at the cen t e r  of that  a r e a  2: 

%1 = (~ "nO), (t) 

int 
where ~= E/E l~ . 

Fig .  1. Schemat ic  d i a g r a m  of the r e l -  
a t ive conf igurat ion between a l i nea r  r a -  
d i a to r  and an i r r a d i a t e d  sur face .  

In o r d e r  to de r ive  ana ly t ica l  e x p r e s s i o n s  for  the local  
angular  coef f ic ien ts  which would take into account the re la t ive  
conf igurat ion between l inea r  r a d i a t o r s  and the a r e a  e lements  
of an a r b i t r a r y  sur face ,  we in t roduce  the r ec t angu la r  s y s t e m  
of coord ina te s  shown in Fig .  1. The axis  of the l i nea r  r a d i a -  
to r  1 wil l  be the y - a x i s  and the pho tomet r ic  plane of this r a -  
d i a to r  wil t  be the y0z plane of the coord ina te  sys t em.  The 
end points yt and Y2 of this  l i nea r  r a d i a t o r  a r e  located at a r -  
b i t r a r y  d i s t ances  f rom the or ig in  of coord ina tes .  

Let the equation of the i r r a d i a t e d  surface  in this  s y s t e m  
of coord ina te s  be 

F(x, g, z ) =  O. (2) 

The unit n o r m a l  vec to r  n o at point M(x, y, z) of the e l emen ta ry  
sur face  2 is then defined in t e r m s  of d i r ec t ion  cos ines  as follows: 
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T A B L E  1. F o r m u l a s  f o r  C a l c u l a t i n g  t h e  L o c a l  A n g u l a r  R a d i a t i o n  

C o e f f i c i e n t s  ~021 tn  C e r t a i n  T w o - B o d y  ( S u r f a c e )  S y s t e m s  

Linear radiator paral le l  to plate 

s a  

(x ~- + z 2) 

f o r a c y I i n d e r :  s = d ,  z = a ,  

t l z t  
for a plate s = 

g x~ + z~ 

Linear radiator perpendicular  to plate 

x, o z )  t 

1 

$ 

~ - 2~p t sin~" Yo - -  sin~ Yo I, 

for a cyl inder  s = d, 

for a plate s = l sin t3, 

Linear radiator paral le l  to cyl inder  

~0 b 

�9 ,~(~,~) 

f o r a  cyl inder  s = d, b = 0, 

for a plate 

!a  - -  R costal 

V a z + b e + R 2 - -  2t? (b sin ~-F a cos 

s (b sin c~ -k a cos c~ - -  R) I [ (2'0) - -  f (Y0) 1" 
q~t = r~ [a ~ + b ~- + t ? ,  2 - 2R (b sin cz + a cosc~)] 

Linear radiator skewed with cyl inder  at a 90 ~ angie 

g, o g  g2 

s [ sin c~ ] sin 2 Yo - -  sin~Yo t 

f o r a  cyl inder  s = d ,  b = 0 .  

S 

for a plate 

t l a - -  R c o s ~ z i  

g x2 + (a - -  R co~ c~)~ 

2 (a - R cos ~) cos cc j f (y;) - -  f (Yo) i 

x ~ + (a - -  R cos cz)~ 
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T A B L E  1 (continued) 

Linear radiator inside cylindrical cavity 

b z ~ l y  

M g ' 

r 

for a cylinder, s = d ,  b = O ,  

for a plate 

t IR cos~ + a ]  
l / a ~ + b ~" + R e + 2R (b sin cr + a cos r 

s (b sin c~ -t- a c o s  cr -1- R) I f (Y'o) - -  f (YO) I" 
ght= r~[a~+b2+R~+2R(bsino:_t_acoscr 

where 

~o= cos ~7 + cos % i +  cos =~, (3) 

OF 

Om 
COS ~ m  ~ 

( m - - x ,  y, z). 

The  unit  r a d i a t i o n  v e c t o r  ~ at po in t  M(x, y, z) can  a l so  be  w r i t t e n  in t e r m s  of c o m p o n e n t s  p a r a l l e l  to 
the o r t h o g o n a l s  i, j ,  k: 

~7 = % T +  %T+ %~. (5) 

i n s e r t i n g  (3) and (5) into (1), we  obta in  the fo l lowing  e x p r e s s i o n  f o r  the l oca l  a n g u l a r  r a d i a t i o n  c o e f -  
f i c i e n t :  

%1 = q~ cos a~ + % cos % + % cos %. (6) 

The  v a l u e s  of ~Ox, q~y, q)z can  be  found by  an app_itcatton of the  g e n e r a l  p r i n c i p l e s  of f i e ld  p lo t t i ng  to 
the c a s e  of r a d i a t i o n  f r o m  a l ine  s o u r c e  [3]. V e c t o r  q~ at  po in t  M(x, y, z) w i l l  be  t e n t a t i v e l y  d i r e c t e d  to -  
w a r d  the r a d i a t o r .  Then ,  i n a s m u c h  as  the s u p e r p o s i t i o n  p r o p e r t y  a p p l i e s  to r a d i a n t  f l uxes  [1], the e x -  
p r e s s i o n s  fo r  qOx, ~y, r can  be  r e p r e s e n t e d  as  func t ions  of the c o o r d i n a t e s  and of an " a p p a r e n t "  t r a n s -  
v e r s e  d i m e n s i o n  s of the r a d i a t o r  s u r f a c e  ( cy l i nde r  o r  p l a t e ) :  

X S  

% - :~ro~ I f (Vo) -- f (vo) h 

s I s i n 2 v 0 -  sina~?0I ~, (7) 
r 2~ro 

ZS 
�9 z - ~ r o  ~ I f (vo) - t (v;)l, 

w h e r e  

no = V x  ~ + z ~, 

~0 = arctg Yl - -  Y ," 
[ro 

~o = arctg Y2--Y . 
r 0 

1 1 [ Y l - - - Y  
[ (70) = -~- (2?0 + sin 270 ) = ~ -  arcig ro 

1 1 [ y~--y 
/~ (~'0) = ~ (2% q- sin 2y;)= ~ -  arctg r0 

(Yl - -  Y) no 
r~ + (y~ - -  y)2 ] ; 

4 + (y~-  u)~] ; 

(8) 

(9) 

(1o) 

752 



~ ~"~' t~ .~.~ 
Given= I~,~: 7t~/~/~ 

~v~n~'~  l 

tz 
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,.,(~,,~) 
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I 
oc 20 5o #00 

-o,J~!)r 
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' i f  //Y///Jl/killllll 
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F i g .  2. N o m o g r a m s  for  d e t e r m i n i n g  the l o c a l  a n g u l a r  c o e f f i c i e n t s  
of r a d i a t i o n  f r o m  the i n s i d e  s u r f a c e  of a c y l i n d r i c a l  c a v i t y  to a e y l -  
i n d e r  i n s i d e  it .  

(u1 - -  y)~ (y2 - -  y)2  ( 1 1 )  sin2 70 - -  sin2 Y0 = r~ § (Yl - -  y)2 r~ -I- (Y2 - -  y)z. 

H e r e  ~[ = 1 and has  the s a m e  s ign  as  w h i c h e v e r  d i f f e r e n c e  (Yl-Y) o r  (Yz-Y) i s  l a r g e r  in m a g n i t u d e .  

If the r a d i a t o r  is  a c y l i n d r i c a l  s u r f a c e  wi th  a s m a l [  d i a m e t e r  d, then s = d tn (7). If a n a r r o w  t e e -  
t a n g u l a r  p l a t e  of wid th  t r e p l a c e s  the l i n e a r  r a d i a t o r ,  then tn (7) 

s -  tJzl 
g o 

The v a l u e s  of a n g l e s  7~ and ,/~' a s  wel t  as  t h e i r  r e s p e c t i v e  func t ions  f(7~) and f(~/~') a r e  d e t e r m i n e d  f r o m  
E q s .  (9)-(10) wi th  due c o n s i d e r a t i o n  of the s igns  of y,  YI, and Yz- 

G e n e r a l l y ,  the  a r e a  e l e m e n t  2 of a s u r f a c e  F (x ,  y, z) = 0 m a y  be  i r r a d i a t e d  not  f r o m  the e n t i r e  l i n -  
e a r  r a d i a t o r  but  f r o m  a p a r t  of it  which ,  for  none one a ve  s u r f a c e ,  i res  in the h a l f - s p a c e  s e p a r a t e d  b y  the 
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t~21 

0,0:-- J 

- -  J 

qs 

- l / R  =fO - - - - -  
i 

. . - - - -  5,0 - ~ 8 

. ~ . 2 , o . - - -  I R ; (  q~ 

1 ~ z  ---" lO / / 1 " , ,  
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, 

~" J q Z * J  A ~ I~. O,O 

0,! ~ 

o o,z q,  qe a/~ o o,,1 o,z 03 dlR 
F i g .  3 F ig .  4 

F i g .  3. Mean a n g u l a r  c o e f f i c i e n t  ~0~i of r a d i a t i o n  f r o m  the i n -  
s i d e  s u r f a c e  of a c y l i n d r i c a l  c a v i t y  to a c y l i n d e r  of the s a m e  
length  in s ide  it,  a s  a [unction of the r e l a t i v e  d i s p l a c e m e n t  b e -  
tween  a x e s  a/R  and fo r  v a r i o u s  r e l a t i v e  l eng ths  I/I1. 

F i g .  4. E r r o r  6 (%) in c a l c u l a t i n g  the l oca l  a n g u l a r  c o e f f i c i e n t s  
. ( so l id  l ines)  and the m e a n  a n g u l a r  c o e f f i c i e n t s  (dashed  l ines )  of 
r a d i a t i o n  f r o m  the i n s ide  s u r f a c e  of a c y l i n d r i c a l  c a v i t y  to a 
c o n c e n t r i c  c y l i n d e r  i n s ide  it, as  a funct ion  of the g e o m e t r i c a l  
c h a r a c t e r i s t i c s  of the s y s t e m  (d /B,  I ( y 2 t - y ) / R I ,  l /R).  

p l a n e  t angen t  to the i r r a d i a t e d  s u r f a c e  at  the c e n t e r  of i t s  a r e a  e l e m e n t  2. The c o o r d i n a t e  of the  " a p p a r -  
en t"  end Yl,2 of the l i n e a r  r a d i a t o r  i s  the  po in t  w h e r e  the y - a x i s  p i e r c e s  the p l ane  tangent  to the i r r a d i a t e d  
s u r f a c e  at  M(x, y, z): 

I ( OF OF y + OF ) 
Y~'~ = -2fi- o ;  x + Oy ~ z . (~2) 

Oy 

Into Eqs .  (9)-(11) b e l o n g  the v a l u e s  of Yl and Y2 found f r o m  Eq. (12). 

The  f o r m u l a s  in T a b l e  1 for  c a l c u l a t i n g  the l o c a l  a n g u l a r  r a d i a t i o n  c o e f f i c i e n t s  have  been  d e r i v e d  by  
the p r e c e d i n g  method  fo r  c e r t a i n  r e l a t i v e  c o n f i g u r a t i o n s  be tw e e n  a l i n e a r  r a d i a t o r  and an i r r a d i a t e d  s u r -  
f ace .  The  f o r m u l a s  a r e  s u f f i c i e n t l y  s i m p l e  and,  t h e r e f o r e ,  s u i t a b l e  f o r  p r a c t i c a l  use  o v e r  a wide  r ange  of 
g e o m e t r i e s .  A c o m p a r i s o n  b e t w e e n  the v a l u e s  ob ta ined  fo r  t h e s e  c o e f f i c i e n t s  by  the f o r m u l a s  in T a b l e  1 
and by  s o m e  exac t  r e l a t i o n s  [5-7] shows  that ,  a l r e a d y  when the t r a n s v e r s e  d i m e n s i o n  of the l i n e a r  r a d i a t o r  
i s  down to one f if th of i t s  length  and to one half  of i t s  d i s t a n c e  f r o m  the i r r a d i a t e d  s u r f a c e ,  the e r r o r  does  
not  exceed  7 ,10%. The  c a l c u l a t i o n  e r r o r  d e c r e a s e s  f a s t  as  the t r a n s v e r s e  d i m e n s i o n  b e c o m e s  s t i l l  s m a t t e r .  

The  m e a n  ( in t eg ra l )  a n g u l a r  r a d i a t i o n  c o e f f i c i e n t s  fo r  t h e s e  p a r t i c u l a r  s y s t e m s  of b o d i e s  a r e  c a l -  
c u l a t e d  b y  i n t e g r a t i n g  the l o c a l  a n g u l a r  c o e f f i c i e n t s  o v e r  the  s u r f a c e  F(x ,  y, z) = 0. 

E x a m p l e .  Let  us  c o n s i d e r  a s y s t e m  of two c y l i n d r i c a l  b o d i e s ,  one c y l i n d e r  wi th  a d i a m e t e r  d Io-  
ea red  ins ide  the c a v i t y  of the o t h e r  c y l i n d e r  wi th  a d i a m e t e r  21:l. Let  t h e i r  axes  be  p a r a l l e l  but ,  g e n e r a l l y ,  
not  c o i n c i d e n t  (Table  1, l ine  5). Let  the d i s t a n c e  b e t w e e n  the a x e s  be  a .  The  i n n e r  c y l i n d e r  1 wi l t  be  
t r e a t e d  as  a l i n e a r  r a d i a t o r  a long  the y - a x i s  wi th  the endpo in t s  y = Yl = 0 and y = Y2. 

The equa t ion  of the o u t e r  c y l i n d e r  s u r f a c e  is  in ou r  r e c t a n g u l a r  s y s t e m  of c o o r d i n a t e s :  

x~ @ (z--a)~--  R 2 = O. (13) 

The  r e c t a n g u l a r  c o o r d i n a t e s  of a po in t  on the s u r f a c e  of the o u t e r  c y l i n d e r  can  be  de f ined  in t e r m s  of 
c y l i n d r i c a l  c o o r d i n a t e s  whose  ax i s  c o i n c i d e s  wi th  the y ' - a x i s  and w h o s e  a n g u l a r  c o o r d i n a t e  c~ b e g i n s  at  the 
y0z p l ane  in the c o u n t e r c l o c k w i s e  d i r e c t i o n :  
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x = R s i n g ,  g = g ' ,  z = R c o s a + a .  (14) 

Having determined the dtrection cosines according to (4) and having inser ted their values into (6) with 
(7) taken into account, we obtain the following expression for  local angular coefficients of radiation (P2i 
f rom cyl indrical  surface 2 to cyl inder  1: 

d (R + a cos a) 
%1 = ~ ! a ~ +  R ~ +  2Ra cos c~) 1[(%)--~(70)I. (15) 

When a = 0 and the inside cyl inder  is infinitely long, then formula  (15) yields the well known exact expres -  
sion for the Iota[ angular radiation coefficient [2], which in this case is equal to the mean angular radia-  
lion coefficient and is determined by the ratio of d iameters :  

%1 = d/2R. (16) 

Nomograms of Eq. (15) have been plotted in Fig. 2 for  determining the local angular  coefficients of 
radiation f rom the inside surface of a cyl indr ical  cavity to a cyl inder  located inside, as a function of the 
dimensionless  coordinates  I (y l -y) /RI  and I(y2-y)/R 1, of the relative dimensions d/R, a/R, and of angle o~. 
The values of rp2 t are  calculated as sums or  differences of the angular coefficients ~0~1 and (P~'l for  the seg-  
ments Yl-Y and Y2-Y of the inner cyl inder:  

%~ = W -  \ d--7~- • (17) 

Thus, when c~ = 150 ~ , a/R = 0.3, (Y2-Y)/R = 1.2, (Yl-y) /R = 0.5, and d/R = 0.1, then q)21 = 0.1(0.297 
+ 0.210) = 0.0507. 

The mean angular coefficients ~o~ of radiation f rom a cyl indrical  cavity to an inner cyl inder  were de- 
termined by numer ica l ly  integrating ~2t over  the cavity surface.  The r e s u l t s  of calculations by this meth-  
od are shown in Fig. 3, as functions of the relat ive displacement  between axes a/R and of the relat ive eyl-  
tnder length I/R. 

The difference between the values of angular coefficients calculated by our method and by exact for-  
mulas [6, 7] respec t ive ly  is shown in Fig. 4 for the given example but with coaxial cyl inders  (a = 9). Ac- 
cording to the graphs,  this difference is insignificant over  a wide range of radia tor  geometr ies  and the r e -  
suits may be used for a wide range of pract ica l  engineering applications. 

E~ nt 

Cx, r 
r0= x + / 

l 
x, y, z 

N O T A T I O N  

is the radiation vec tor  of body 1; 
is the intrinsic radiation intensity of body 1; 
a re  the components of the geometr ica l  radiation vector  along rectangular  coordinates;  

is the shor tes t  distance f rom point M(x, y, z) to l inear radiator;  
are  the angles subtending the two segments  of the l inear radia tor  f rom point M(x, y, z) 
on a rea  element 2 of i r radia ted surface; 
is the length of the cylinders;  
a re  the space coordinates  of point M. 

1, 

2. 

3, 

4. 

5. 

6~ 

7. 
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